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Abstract 

Salkowski [11], one century ago, introduced a family of curves with con- 
stant curvature but non-constant torsion (Salkowski curves) and a family 
of curves with constant torsion but non-constant curvature (anti-Salkowski 
curves) in Euclidean 3-space E^. In this paper, we adapt definition of such 
curves to time-like curves in Minkowski 3-space Ef. Thereafter, we introduce 
an explicit parametrization of a time-like Salkowski curves and a time-like 
Anti-Salkowski curves in Minkowski space E?. Also, we characterize them as 
space curve with constant curvature or constant torsion and whose normal 
vector makes a constant angle with a fixed line. 
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1 Introduction 



The Minkowski 3-space is the Euclidean 3-Space E'^ provided with the standard 
flat metric given by 

(, ) = —dx\ + dx\ + (ixg, 



1 



where {xi,X2,X3) is a rectangular coordinate system of E^. If m = {ui,U2,U3) and 
V = {vi,V2, V3) are arbitrary vectors in Ef , we define the (Lorentzian) vector product 
of u and v as the following: 

i -j -k 

U X V = Ui U2 U3 
Vl V2 V3 

An arbitrary vector f G E^^ is said space-like if {v, > or f = 0, time-like if 
{v,v) < 0, and light-like (or null) if {v,v) = and v ^ 0. The norm (length) of a 
vector V is given by || v \\— ^/\{v,v)\. 

Given a regular (smooth) curve o; : / C R — > E^, we say that a is space-hke (resp. 
time-like, light-like) if all of its velocity vectors a'{t) are space-like (resp. time-like, 
light-like). If a is space-like or time-like we say that a is a non-null curve. In 
such case, there exists a change of the parameter t, namely, s = s{t), such that 
II a'{s) 11= 1. We say then that a is parameterized by the arc-length parameter. If 
the curve a is hght-hke, the acceleration vector a"{t) must be space-hke for all t. 
Then we change the parameter t hy s — s{t) in such way that || a"{s) \\= 1 and 
we say that a is parameterized by the pseudo arc-length parameter. In any of the 
above cases, we say that a is a unit speed curve [1, 9]. 

Given a unit speed curve a in Minkowski space E'^ it is possible to define a Frenet 
frame {T(s), N(s), B(s)} associated for each point s [7, 12]. Here T, N and B are 
the tangent, normal and binormal vector field, respectively. The geometry of the 
curve a can be describe by the differentiation of the Prenet frame, which leads to 
the corresponding Frenet equations. Although different expressions of the Frenet 
equations appear depending of the causal character of the Frenet trihedron (see the 
next sections below), we have the concepts of curvature k and torsion r of the curve. 
With this preparatory introduction, we give the following: 

Recall that in Euclidean space E'^ a general helix is a curve where the tangent 
lines make a constant angle with a fixed direction. Helices are characterized by the 
fact that the ratio t/k is constant along the curve [2]. A slant helix is a curve 
where the normal lines make a constant angle with a fixed direction [6]. Slant 

helices are characterized by the fact that the function — — , (— ) is constant 

[8]. Salkowski (resp. anti-Salkowski) curves in Euchdean space E^ are the first 
known family of curves with constant curvature (resp. torsion) but non-constant 
torsion (resp. curvature) with an explicit parametrization [10, 11]. 

In Minkowski space E^, one defines a general hehx, slant helix curves in Minkowski 
space as a similar way. Ferrandez et. al. [3] proved that: helices in Minkowski space 
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are characterized by the constancy of the function r/ k again. Ah and Lopez [1] 
proved that: slant hehces in Minkowski space are characterized by the constancy 
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of the function ^t^(-), where £i, £2 £ {-1, 1}- 

(siK^ + e2T ) ' fi; 

In this paper, we define Salkowski curves and anti-Salkowski curves in Minkowski 
space E^ as a similar way in Euclidean space E^.o, we introduce the explicit parametriza- 
tion of a time- like Salkowski curves and time- like anti-Salkowski curves in Minkowski 
space E^ and we study some characterizations of such curves. 



2 Time-like Salkowski curves and some character- 
izations 

We suppose that a is a time-like curve. Then T'(s) 7^ is a space- like vector 
independent with T(s). We define the curvature of o; at s as k,{s) — |T'(s)|. The 
normal vector N(s) and the binormal B(s) are defined as 

where the vector B(s) is unitary and space-like. For each s, {T,N, B} is an or- 
thonormal base of E^ which is called the Frenet trihedron of a. We define the 
torsion of o; at s as: 

r(.) = (N'(.),B(.)). 

Then the Frenet formula read 



- ^/ - 
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where g{T, T) = -1, ^(N, N) = ^(B, B) = 1, g{T, N) = g{N, B) = ^(B, T) = 0. 

We introduce the explicit parametrization of a time- like Salkowski curves in Minkowski 
space E^ as the following: 

Definition 2.1. (Time-like Salkowski curves). For any m & R with m > 1, let us 
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define the space curve 



1 — 77/ 1 H~ 77/ 

— sinh[(l + 2n)t\ — sinh[(l - 2n)t\ + 2sinh[i], (2) 

— sinh[2nt] I , 
m 

m 

with n — 



\Jvp? — 1 



We will name this curve is a time-like Salkowski curve in Minkowski space The 
geometric elements of the time-like Salkowski curve 7^ are the following: 

, . , , , . sinh^fni] .. , .. sinhfntl 
(1): (7m,7m> = T' so llTmll = 



(2) 

(3) 
(4) 



cosh[nt] 



The arc-length parameter is s 

m 

The curvature K{t) = 1 and the torsion T{t) = coth[ni]. 
The Frenet's frame is 

T{t) — ^ncosh[i] cosh[ni] — sinh[i] sinh[ni], 

Tl \ 

nsinh[t] coshfnt] — cosh[t] sinh[nt], — cosh[nt] j , 

N(t) = — (cosh [t], sinh [t],mj, (3) 

B(i) = ^sinh[i] cosh[ni] — ncosh[i] sinh[nt], 

cosh[i] cosh [nil — nsinh[i] sinh [nil, sinh[nt] ) , 

m / 

From the expression of the normal vector, see Eqs. (3), one can see that the normal 
indicatrix, or nortrix, of a time-like Salkowski curve in Minkowski space describes 
a parallel of the unit sphere. The angle between the normal vector and the vector 
(0,0, 1) is constant and equal to = arccosh[n]. This fact is reminiscent of what 
happens with another important class of curves, the general helices in Minkowski 
space E'^. Such a condition implies that the tangent indicatrix, or tantrix, describes 
a parallel in the unit sphere. 
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Lemma 2.2. Let a : I ^ Ef be a time-like curve parameterized by arc-length with 
K — 1. Its normal vectors make a constant hyperbolic angle, (p, with a fixed line in 
space if and only if t{s) — ±- 



_tanh^[0] 



Proof: Let d be the unitary space-like fixed direction which makes a constant 
hyperbohc angle with the normal vector N. Therefore 

(N,d) = cosh[0]. (4) 

Differentiating Eq. (4) and using Prenet's formula, we get 

(T + rB,d) = 0. (5) 

Therefore, 

(T,d) = -T(B,d). (6) 
If we put (B, d) = b, we can write 

d = -r6T + cosh[0]N + 6B. (7) 
siiili d) 

Prom the unitary of the vector d we get b — ± =. Therefore, the vector d can 

VT^ — 1 

be written as 

T sinh\(j)\^ , r ,T,vT , sinh[(j!)l „ . , 

d = ^—=Mt + cosh[(/.]N ± ^=iB. (8) 

If we Differentiate Eq. (5) again, we obtain 

(fB + (1 -T2)N,d) = 0. (9) 
The Eqs. (9) and (8) lead to the differential equation 

±tanh[0]p^^ + l = O. (10) 

By integration we get 

±tanh[(/)]^^= + s + c = 0. (11) 
Vt^ — 1 

where c is an integration constant. The integration constant can be subsumed thanks 
to a parameter change s — > s — c. Finally, to solve (11) with r as unknown we get 
the desired result. 
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{<=) Suppose that r = ± — . and let us consider the vector 

_tanh2[0] 



d = cosh[0] (^-sT + N^^s^ - tanh2[0] b) . (12) 

It is easy to prove the vector d is constant i.e., (d = 0) and (d, N) = cosh[0]. 

Once the intrinsic or natural equations of a curve have been determined, the next 
step is to integrate Prenet's formula with k — 1 and 

s 



s , tanhL 

T = ± . = ± , = ± coth 
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arccoshT -— --1 . (13) 

Ltanh[0]^J ^ ^ 



Theorem 2.3. The time-like curve in Minkowski space E\ with k = 1 and such 
that their normal vectors make a constant angle with a fixed line are, up to rigid 
movements in space or up to the antipodal map, time-like Salkowski curves (see 
Definition 2.1). 

Proof: As has been said after Definition 2.1, the arc-length parameter of time-like 

Salkowski curves is s = f* IK' ('u)||(i'U = — cosh[nt]. Thereafter, t = — arccoshfmsl. 

^ m n 

In terms of the arc-length curvature and torsion are then 

k{s) — 1, t(s) = coth[arccosh[ms]], 

m 

the same intrinsic equations, with m — coth[0] and n = -. — cosh[0] (com- 

vm^ — 1 

pare with the positive case in Eq. (13)), as the ones shown in Lemma 2.2. 

For the negative case in Eq. (13), let us recall that if a curve a has torsion Tq,, 
then the curve /3(t) = —a{t) has as torsion Ti3{t) = —Ta{t), whereas curvature is 
preserved. 

Therefore, the fundamental theorem of curves in Minkowski space states in our 
situation that, up to a rigid movements or up to the antipodal map, p — > —p, the 
curves we are looking for are time-like Minkowski curves. 



3 Time-like ant i- Salkowski curves 

As an additional material we will show in this section how to build, from a curve in 
Minkowski space of constant curvature, another curve of constant torsion. 
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Let us recall that a curve a :]a, 6[— > E^, is 2-regular at a point to if a'{to) 7^ and 
if Ka{to) ^ 0. 

Lemma 3.1. Let a : I ^ Ef be a regular curve parameterized by arc-length with 

curvature Ha, torsion and Frenet's frame { Tq,, N^, -B^}. Let us consider the curve 
f3{t) = Jg Ta{u)\\B^{u)\\ du. Then at a parameter Sa & I such that Ta{sa) 7^ 0, the 
curve P is 2-regular at Sj3 and 



Hp 



■P — -Da- 



Proof: In order to obtain the tangent vector of /3 let us compute 



From the above equation, we get 



dsp 



-t5 Q/ d s ^ 



dSrv dt 



dt' 



and 



Tp{sp) = T,(s,). 

Differentiation the above equation along with Prenet's Eqs. (1) we obtain 

rj-i / \ (iTct dsa dt 

^ ^ dSa dt dSj3 

Using Frenet's Eqs. (1) and Eq. (15), the above equation can be written as 
From the above equation, we get 

l^p = — , 

and 

^p{sp) = N«(s„). 

So that, we have 



(14) 



(15) 
(16) 

(17) 

(18) 

(19) 
(20) 
(21) 
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Differentiating tfie above equation witli respect to we get rg = 1. 

Let us apply tlie previous result to the time-like Salkowski curve 7^ defined in Eq. 
(2) we have the explicit parametrization of a time- like anti-Salkowski curve as the 
following: 

n I Ti — 1 Ti-hl 
^""^^^ ^ ^ [ 2^i^ ^'""^^^^ ^ '^'^^^^ ~ 2^ ^'""^f^^ ~ ^""^^^ ^ 2nsinh[t], 

Tl — 1 77^ -|- 1 

cosh[(l + 2n)t] cosh[(l - 2n)t] + 2ncosh[t], 

2n+l ' _ 2n-l ' ^ ^ ^ 

- — (sinh[2ni] + 2ni) 
m 

(22) 

771 

where, as for time- like Salkowski curves, 77 = : and m > 1. Let us call 

V7n2 — 1 

these curves by the name time-like anti-Salkowski curves. The presence of the non- 
trigonometric term 277^ in the third component of P^n makes that the change of 
variable studied in Section 2 for time-like Salkowski curves does not work for anti- 
Salkowski curves. 

Applying Lemma 3.1 we get the following proposition: 

Proposition 3.2. The curve (5m in Eq. (22) are curves of constant torsion equal 
to 1 and non- constant curvature equal to tanh[77i]. 

Finally, we stated here the following Lemma: 

Lemma 3.3. Let a : I ^ Ef be a regular curve parameterized by arc-length with 
curvature k^, torsion and Frenet's frame { Ta, Na, B^}. Let us consider the curve 
P{t) — ra(7i)|| r^(77)|| du. Then at a parameter G / such that Ka{sa) 7^ 0, the 
curve (5 is 2-regular at and 

K/3 = 1, Tp = — , T/3 = Ta, = Na, Bp = B^. 

Proof: The proof of this Lemma is the same as the proof of Lemma 3.1. 

Theorem 3.4. The space curve with t — 1 and such that their normal vectors 
makes a constant angle with a fixed line are the anti-Salkowski curves defined in Eq. 
(22). 

Proof: Let a be a curve with r = 1 and let j3{t) = T(^(-u) ||T^(-u) || du. By Lemma 
3.3, /? is a curve with constant curvature k = 1, non-constant torsion r = — and 
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with the same normal vector. Therefore, /3 is a Salkowski curve and a is an anti- 
Salkowski curve. 
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